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Abstract. In this paper, we quantify the non-linear effects from k-essence dark energy through an
effective parameter µ that encodes the additional contribution of a dark energy fluid or a modification
of gravity to the Poisson equation. This is a first step toward quantifying non-linear effects of dark
energy/modified gravity models in a more general approach. We compare our N -body simulation
results from k-evolution with predictions from the linear Boltzmann code CLASS, and we show that
for the k-essence model one can safely neglect the difference between the two potentials, Φ−Ψ, and
short wave corrections appearing as higher order terms in the Poisson equation, which allows us to
use single parameter µ for characterizing this model. We also show that for a large k-essence speed
of sound the CLASS results are sufficiently accurate, while for a low speed of sound non-linearities in
matter and in the k-essence field are non-negligible. We propose a tanh-based parameterisation for
µ, motivated by the results for two cases with low (c2s = 10
−7) and high (c2s = 10
−4) speed of sound,
to include the non-linear effects based on the simulation results. This parametric form of µ can be
used to improve Fisher forecasts or Newtonian N -body simulations for k-essence models.
ArXiv ePrint: 1910.01105ar
X
iv
:1
91
0.
01
10
5v
2 
 [a
str
o-
ph
.C
O]
  1
7 M
ay
 20
20
Contents
1 Introduction 1
2 The k-essence model 2
3 Numerical results 4
3.1 The k-evolution code 4
3.2 Sources to the Hamiltonian constraint 4
3.3 Linear versus non-linear µ(k, z) 7
3.4 A fitting function for µ in k-essence 9
4 Applications of µ(k, z) 9
4.1 Improving linear Boltzmann codes and Fisher forecasts with a parametrised µ 10
4.2 Improving Newtonian simulations 10
5 Conclusions 11
A Discussion about N-body gauge 12
B Details of the fitting function for µ(k, z) 13
C Scalar-vector-tensor decomposition and notation 14
1 Introduction
The accelerating expansion of the Universe is now well established based on observational results,
for example from observations of the cosmic microwave background (CMB) anisotropies [1], type Ia
supernovae [2], and baryon acoustic oscillations [3]. Current data are in agreement with a cosmological
constant as the driving force behind the acceleration. However, the cosmological constant suffers from
severe fine-tuning issues that motivated the development of a plethora of modified gravity (MG) and
dark energy (DE) models.
One of the simplest and most popular of these models is k-essence1, featuring a single scalar field
minimally coupled to gravity. The k-essence model was originally introduced to naturally explain
why the universe has entered an accelerating phase without fine-tuning of the initial conditions and
the parameters and also avoiding anthropic reasoning [5].
Understanding the mysterious nature of DE/MG has become one of the most important unsolved
problems in cosmology. Upcoming surveys [6–9] are planned with the aim of understanding this
component by probing the expansion history of the Universe as well as structure formation with
unprecedented precision. These surveys will put tight constraints on the cosmological parameters,
including those that describe the physical properties of dark energy. While there have been many
studies (for a review see e.g. [6]) on probing the DE/MG equation of state by observing the expansion
history of the Universe, a consistent study of these theories including the non-linearities of DE/MG
is not generally available. But to reach the full potential of constraining these theories, a modelling
of the observables up to non-linear scales will be necessary. To this end, some of us have recently
developed the N -body code “k-evolution” in which we consider dark energy, in this case a k-essence
scalar field, as an independent component in the Universe. This code is described in more detail in the
companion paper [10], where we also study the effect of dark matter and gravitational non-linearities
on the power spectrum of dark matter, of dark energy and of the gravitational potential, and compare
k-evolution to Newtonian N-body simulations.
1It is worth mentioning that we use the term “k-essence” to refer to a general class of models featuring either a
canonical (quintessence [4]) or a non-canonical kinetic term in the action.
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Studying the non-linearities of such models in a consistent way enables us to predict the effects
of DE/MG perturbations on the cosmological parameters. A full study of the k-essence model is
particularly interesting as the dark energy perturbations become important at different scales with
different amplitudes, depending on the equation of state w and speed of sound cs. For example, in
[10] we show that k-essence structures for low speed of sound, e.g. c2s = 10
−7, can become highly non-
linear at small scales and that non-linearities have a large impact on quantities like the gravitational
potential power spectrum.
Providing a sufficiently precise modelling of power spectra specifically for k-essence dark energy
is the main goal of this article. We also discuss the different sources to the Hamiltonian constraint in
the presence of k-essence dark energy to show that the impact of k-essence on power spectra can be
captured by the modified gravity parameter µ on all scales of interest.
In Section 2 we review the theory of k-essence and describe the theoretical framework. In
Section 3 we describe the numerical results, based on the k-evolution code [10], a relativistic N -body
code for clustering dark energy, and in Section 4 we provide basic recipes for how to use our results
to improve Boltzmann and Newtonian N -body codes.
2 The k-essence model
k-essence theories are the most general local theories for a scalar field which is minimally coupled to
Einstein gravity and involves at most two time derivatives in the equations of motion [11, 12]. These
theories are a good candidate for the late-time accelerated expansion as well as for the inflationary
phase. As a viable and interesting candidate for dark energy to be probed by future cosmologi-
cal surveys, these theories are implemented in several cosmological Boltzmann and N -body codes,
including CAMB [13], CLASS [14], concept [15], gevolution [16] and recently in k-evolution [10].
In k-evolution, contrary to other codes that only consider linear dark energy perturbations, dark
energy can cluster like the matter components which enables us to study the effect of dark energy
non-linearities in a consistent way.
In k-essence theories the Lagrangian is written as a general function of the kinetic term and the
scalar field, P (X,ϕ). We consider the Friedman-Lemaˆıtre-Robertson-Walker (FLRW) metric in the
conformal Poisson gauge to study the perturbations around the homogeneous universe.
ds2 = a2(τ)
[
− e2Ψdτ2 − 2Bidxidτ +
(
e−2Φδij + hij
)
dxidxj
]
, (2.1)
where τ is conformal time, xi are comoving Cartesian coordinates, Ψ and Φ are respectively the
temporal and spatial scalar perturbations, and Bi and hij are the vector and tensor perturbations.
Using the scalar-vector-tensor (SVT) decomposition we can recover the 4 scalar, 4 vector, and 2
tensor degrees of freedom in the metric (from which after fixing the gauge two scalar and two vector
degrees of freedom are removed), which we are going to use to obtain the equations of motion for the
perturbations. Our notation and the SVT decomposition are briefly discussed in Appendix C.
The full action in the presence of a k-essence scalar field as a dark energy candidate reads
S =
1
16piGN
∫ √−gRd4x+ ∫ √−gLDEd4x+ ∫ √−gLmd4x , (2.2)
where GN is Newton’s gravitational constant, g is the determinant of the metric, R is the Ricci
scalar, LDE = P (X,ϕ) is the general k-essence Lagrangian in which ϕ is the scalar field perturbation,
X = − 12gµν∂µϕ∂νϕ is the kinetic term, and Lm is matter Lagrangian.
Variation of the action with respect to scale factor a(τ) results in an equation for the evolution
of the scale factor (Friedmann equation),
3
2
H2 = −4piGNa2T¯ 00 , (2.3)
where H = a′/a and the prime here denotes the derivative with respect to conformal time. T¯ 00 is the
background stress-energy tensor. The full stress-energy tensor including matter (cold dark matter,
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baryons and radiation) and k-essence is defined as
Tµν ≡ 2√−g
δLDE
δgµν
+
2√−g
δLm
δgµν
. (2.4)
We can parametrise the stress-energy tensor of a fluid with three parameters, namely the equation of
state w = p¯/ρ¯, the squared speed of sound c2s, given in the fluid rest-frame through δp = c
2
sδρ, and
the anisotropic stress σ. For k-essence both w and c2s can vary as a function of time, while σ = 0
[10]. However, in this work, we take w and c2s to be constant. On the other hand the divergence of
the k-essence stress-energy tensor gives the equation for k-essence density perturbations through the
continuity2 equation,
δ′DE = −(1 +w)
(
∂iv
i
DE− 3Φ′
)− 3H(δpDE
δρDE
−w
)
δDE + 3Φ
′
(
1 +
δpDE
δρDE
)
δDE +
1 + w
ρ
viDE∂i
(
3Φ−Ψ) ,
(2.5)
where δDE is the k-essence density contrast and v
i
DE is the velocity perturbation of k-essence. In this
form of the continuity equation we have included short wave corrections that are discussed in more
detail later in this section.
We note that in Newtonian gauge we have the relation δp = c2sδρ + 3H(c2s − c2a)ρ¯(1 + w)θ/k2,
where we have introduced the adiabatic speed of sound c2a = ρ¯
′/p¯′.
The variation of the action with respect to the lapse perturbation Ψ, in the weak field approxi-
mation, results in the Hamiltonian constraint [17],
∇2Φ = 3HΦ′ + 3H2Ψ + 1
2
δijΦ,iΦ,j + 4piGNa
2(1− 2Φ)
∑
X
ρ¯XδX , (2.6)
where δX = δρX/ρ¯X is the Poisson-gauge density contrast for each species. We usually split the total
density perturbation ρ¯δ into the contribution from the different species that cluster, in our case cold
dark matter, baryon, radiation and the k-essence scalar field:
ρ¯δ = ρcdmδcdm + ρDEδDE + ρbδb + ρrδr , (2.7)
where cdm, b, and DE respectively stand for cold dark matter (CDM), baryons, and k-essence. The
last contribution is due to relativistic species (radiation and neutrinos) that we will neglect from now
on as we are interested in late times. This does however have to be taken into account when going to
high redshift, e.g. when considering the CMB. Moreover we define the short-wave corrections S and
relativistic terms R in the Hamiltonian constraint equation as follows,
R(x˜, τ) ≡ 3HΦ′ + 3H2Ψ , (2.8)
S(x˜, τ) ≡ 1
2
δijΦ,iΦ,j − 8piGNa2Φ
∑
X
ρ¯XδX . (2.9)
The relativistic terms R(x˜, τ) become important on large scales where k ∼ H. The short wave
corrections S(x˜, τ), on the other hand, are due to the weak field scheme where we allow matter and
k-essence densities to become fully non-linear i.e.
δm ∼ δDE ∼ O(1) , (2.10)
while the metric perturbations remain small. As a result in this scheme we can have highly dense k-
essence and matter structures while the metric is still FLRW with small perturbations. More detailed
discussions on the weak field approximation are found in [10, 16]
2In the companion paper [10] we show that the Euler and continuity equations are equivalent to the scalar field
equation in the weak field regime.
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3 Numerical results
3.1 The k-evolution code
k-evolution [10] is a relativistic N -body code based on gevolution [16, 18]. The full sets of non-linear
relativistic equations, six Einstein’s equations Gµν = 8piGTµν as well as the scalar field equation
(linearised in the k-essence field variables) are solved on a Cartesian grid with fixed resolution [10, 17]
to update the particle positions and velocities. While in k-evolution the dark energy component is
considered as an independent element whose equation of motion is fully coupled to the non-linear
matter dynamics solved in the code, in gevolution it is not treated as an independent component
and only the respective linear solution from the Boltzmann code CLASS is used to model dark energy
perturbations. The effects of non-linear clustering of the k-essence scalar field on matter and gravi-
tational potential power spectra are studied in [10]. Also the effect of k-essence on the turn-around
radius is studied using k-evolution in [19].
In order to probe the non-linearities of both matter and k-essence scalar field, we combined
the data from two simulations with Ngrid = 3840
3 with two different resolutions: one with L =
9000h−1Mpc and one with a physically smaller box with L = 1280h−1Mpc, corresponding to respec-
tively 2.3h−1Mpc and 0.33h−1Mpc length resolution. Furthermore, to study the relativistic terms
which become important at large scales we also use a much lower spatial resolution simulation with
Ngrid = 3840
3, L = 90000h−1Mpc corresponding to 23.43h−1Mpc length resolution. In all of the fig-
ures, we remove the data with wavenumbers larger than 1/7 of the Nyquist frequency of the simulation
to minimize any finite resolution effect. Moreover, by having different simulations with overlapping
windows of wavenumbers we are able to test the convergence of the simulations and thus have control
over the errors coming from finite resolution and finite box size (cosmic variance).
In our studies we consider w = −0.9 which gives accelerated expansion and is compatible with the
current observational data [6] and two cases for the speed of sound, namely c2s = 10
−4 and c2s = 10
−7.
These two cases are interesting as their respective sound horizons correspond to linear and non-linear
scales. In fact, for the case with c2s = 10
−4 the dark energy perturbations decay significantly at the
quasi-linear and non-linear scales as the sound horizon wavenumber is about ks ≈ 0.03hMpc−1 and
we do not expect to see large difference between the k-evolution scheme and when dark energy is
treated linearly. In the case with c2s = 10
−7 the sound horizon for dark energy is at a much higher
wavenumber, ks ≈ 1hMpc−1, and we are able to see the dark energy perturbations impact on the
other quantities. More details about the results of the two speeds of sound can be found in [10].
3.2 Sources to the Hamiltonian constraint
In this subsection we discuss the different sources to the Hamiltonian constraint and according to the
numerical results we argue that in the k-essence theories one can safely neglect short-wave corrections
and also that the gravitational potential difference Φ−Ψ is negligible.
In Fig. 1 we compare all the terms to the Hamiltonian constraint (2.6); TX in the figures refers
to
√〈XX∗〉 in Fourier space. We also divide these terms by H2 to make them dimensionless. In the
top-left plot the contribution from relativistic terms, from the k-evolution code which is introduced
in Section 3.1 is shown in solid lines and from the linear Boltzmann code CLASS [20] in dash-dotted
lines. These terms are the main contributions to the Hamiltonian constraint at large scales and high
redshifts, as the other three terms decay at large scales. We note that the k-evolution and CLASS
predictions for the relativistic terms start to differ already at relatively large scales, which comes from
the difference between Φ′ power spectra in these codes which is discussed in details in the companion
paper [10].
In the top-right figure the contribution from matter (baryons and cold dark matter) is shown.
This term is the main contribution at small scales compared to the other terms, as matter perturba-
tions dominate at those scales. The bottom-left figure shows the contribution from the short wave
corrections to the Hamiltonian constraint, which is negligible. In the bottom-right figure the contri-
bution from k-essence for c2s = 10
−7 is shown. The contribution from this term peaks around the
sound-horizon scale ks ≈ 1h/Mpc. These plots allow to compare the relative contribution of each
term in the Hamiltonian constraint as a function of scale and redshift; we should however not forget
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Figure 1: Sources to the Hamiltonian constraint, normalized to H2, in terms of wavenumber at
different redshifts, from k-evolution in solid lines and from CLASS in dashed lines, for a k-essence
speed of sound of c2s = 10
−7. For the figures on the right, the y-axis is shown on the right. The x-axis
is common between each column of figures. The figure on the left bottom, showing the short-wave
corrections, is obtained using a simulation with Ngrid = 3840
3 and box size L = 9000h−1Mpc, while
in the other three figures the results are obtained combining three simulations with Ngrid = 3840
3
and box sizes L = 90000h−1Mpc, L = 9000h−1Mpc and L = 1280h−1Mpc.
that the power spectra also contain contributions from cross terms that we are not going to discuss
in this paper.
Variation of the action with respect to Φh (the scalar part of δgij) defined in Eq. (C.3) leads to
a constraint equation for Φ−Ψ,
∇4(Φ−Ψ)−
(
3δikδjl
∂2
∂xk∂xl
− δij∇2
)
Φ,iΦ,j = 4piGNa
2
(
3δik
∂2
∂xj∂xk
− δij∇2
)
T ji , (3.1)
where ∇4 .= δijδlm∂i∂j∂l∂m. In this expression Φ − Ψ is sourced by the anisotropic part of the
stress-energy tensor and a short-wave correction term. In first order perturbation theory, and neglect-
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Figure 2: The quantity
√
PΦ−Ψ
PΦ from k-evolution (solid lines) and from CLASS (dashed lines) at
different redshifts as a function of wavenumber k. In k-evolution this quantity is non-zero due to the
non-linearities in matter, k-essence and short-wave corrections, while in CLASS it is generated due
to the radiation perturbations which oscillate and decay in k. The results are obtained combining
three simulations with Ngrid = 3840
3 and box sizes L = 90000h−1Mpc, L = 9000h−1Mpc and
L = 1280h−1Mpc.
ing radiation perturbations, we have Φ = Ψ. Short-wave corrections and also anisotropic pressure
generation in dark matter [21] and k-essence [10] lead to a non-zero Φ − Ψ. Contrary to the case
of the Hamiltonian constraint, the contribution of short-wave corrections is of relative importance
here, in particular at large scales. In absolute terms these higher-order effects are however expected
to be small. To quantify the difference between the two potentials we measure
√PΦ−Ψ/√PΦ from
our simulations (where PΦ−Ψ is the dimensionless power spectrum of Φ − Ψ), shown as solid lines
in Fig. 2. For comparison, the dashed lines show the same quantity generated from CLASS where
it is solely due to radiation perturbations. On super-horizon scales, the contribution from radiation
perturbations is larger than contribution from non-linearities, while in the quasi-linear regime the
dominant contribution comes from the non-linearities. Both are however indeed very small and can
be safely neglected at intermediate and small scales.
Variation of the action with respect to the shift perturbation results in the momentum constraint,
− 1
4
∇2Bi − Φ′,i −HΨ,i = 4piGNa2T 0i (3.2)
where in Poisson gauge (C.5), Bi is divergence-less or transverse i.e. δ
ijBi,j = 0. So the divergence
of Eq. (3.2) reads,
−∇2(Φ′ +HΨ) = 4piGNa2∂iT 0i . (3.3)
If the stress-energy can be split into contributions from independent constituents, we can define the
velocity divergence θX for each constituent such that
∂iT 0i =
∑
X
ρ¯X
(
1 + wX
)
θX= θtot
∑
X
ρ¯X
(
1 + wX
)
. (3.4)
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This definition of θX coincides with the linear velocity divergence in the case where the constituent
can be described by a fluid, but it generalises to situations where this is no longer the case. We can
now see that the relativistic terms in the Hamiltonian constraint Eq. (2.6) can be related to a different
choice of density perturbation,
∇2Φ = 1
2
δijΦ,iΦ,j + 4piGNa
2(1− 2Φ)
∑
X
ρ¯X∆X , (3.5)
where ∆X = δX − 3H(1 + wX)∇−2θtot is the comoving density contrast. Eq. (3.5) is the Poisson
equation dressed with short-wave corrections, which are the leading higher-order weak-field terms.
Neglecting the (small) short-wave terms, the equation is linear even if the perturbations in the matter
fields are large3, and one can pass to Fourier space. Modifications of gravity where the gravitational
coupling depends on time and scale can then be parametrised by introducing a function µ(k, z) such
that
− k2Φ = 4piGNa2µ(k, z)
∑
X
ρ¯X∆X , (3.6)
where the choice µ(k, z) = 1 restores standard gravity. Furthermore, if one chooses to interpret the
dark energy perturbations as a modification of gravity, the sum on the right-hand side would exclude
X = DE. Such an interpretation makes sense if the dark energy field is not coupled directly to other
matter, so that it cannot be distinguished observationally from a modification of gravity (e.g. [22]).
Adopting this interpretation we can define an effective modification µ(k, z) as
µ(k, z)2 =
k4 〈ΦΦ∗〉
(4piGNa2ρ¯m)
2 〈∆m∆∗m〉
, (3.7)
where ρ¯m = ρ¯cdm+ρ¯b and ρ¯m∆m = ρ¯cdm∆cdm+ρ¯b∆b. Since our simulations are carried out in Poisson
gauge they internally use δm and do not compute ∆m directly. However, the difference between the
two quantities is only appreciable at very large scales where θtot is given by its linear solution. For
the purpose of computing µ(k, z) from simulations we therefore write,
∆m ' δm
(
1 +
3HT θtot(k, z)
k2T δm(k, z)
)
, (3.8)
where T θtot(k, z) and T
δ
m(k, z) are the linear transfer functions of θtot and δm, respectively. These can
be computed with a linear Einstein-Boltzmann solver like CLASS.
3.3 Linear versus non-linear µ(k, z)
In this subsection we show the µ(k, z) function obtained from k-evolution, which includes non-
linearities in matter and k-essence as well as relativistic and short-wave corrections. We compare
µ(k, z) from k-evolution with the results from the linear Boltzmann code CLASS [20], and with results
from gevolution [10] and CLASS with Halofit [23].
In the two top panels of Fig. 3, the results from k-evolution and CLASS for two different speeds
of sound are compared at different redshifts. In the two bottom panels µ(k, z) from k-evolution,
gevolution and CLASS (linear and with Halofit) at z = 0 are shown.
In ΛCDM, where there are no dark energy perturbations, or modifications of gravity, we would
have µ = 1 on all scales and at all times. In Fig. 3 we see that due to the k-essence perturbations we
have µ > 1 at large scales, while we recover the ΛCDM limit on small scales or at early times. The
maximum deviation from µ = 1 is less than 5% for our choice of model, therefore the effect is small
but not negligible. The reason why we expect to recover GR at high redshifts is that the DE/MG
starts to dominate at low redshifts which is well supported by observations. In our model this is
included by choosing a constant w = −0.9 close to −1, in which case the ratio of dark energy to dark
3This also shows that in General Relativity the Poisson equation holds effectively on all scales, right down to
milli-parsec scales where we may start to encounter effects from the strong-field regime of supermassive black holes.
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Figure 3: µ(k, z) from four different simulations and for two speeds of sound are compared. The left
plots depict the case c2s = 10
−4: all the curves agree well which shows that for high speeds of sound
we can trust even linear codes. On the right we see the situation for k-essence with speed of sound
c2s = 10
−7, where differences are clearly visible. In the top panels k-evolution is compared with CLASS
at different redshifts, while in the bottom figures we compare µ(k, z) from gevolution, k-evolution and
CLASS with and without Halofit, at z = 0. The results are obtained using two simulations with two
different box sizes L = 9000h−1Mpc and L = 1280h−1Mpc and Ngrid = 38403.
matter density scales like a−3w, ensuring that the dark energy quickly becomes sub-dominant in the
past.
At high wavenumbers, the k-essence perturbations are suppressed due to the existence of a sound-
horizon, roughly at the comoving wavenumber k = csH. This is highly desirable as gravity is very
well tested on small scales, so that models that lead to significant changes on solar system scales are
ruled out by observations. The scaling of the sound horizon with c2s also explains why the transition
from µ > 1 to µ = 1 occurs on smaller scales for lower speeds of sound.
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In addition, for the c2s = 10
−4 case, the results from CLASS and k-evolution are indistinguishable
at least until z = 0.5, and start to differ only slightly at z = 0 at large scales. For the c2s = 10
−7
case, while the results from CLASS and k-evolution are consistent at both high- and low-k, there is a
different transition from µ > 1 to µ = 1 in k-evolution compared to CLASS. This is because for the
lower sound speed the sound-horizon lies within the scale of matter non-linearity. As dark matter
clustering becomes non-linear, δm becomes much larger than in linear theory, which reduces Φ/δm
and hence µ. This can be mimicked by turning on Halofit, and indeed using CLASS with Halofit to
extract µ allows to match the result of k-evolution better at scales around k ≈ 0.1h/Mpc, as we can
see in panel (d) of Fig. 3.
On even smaller scales, k & 1h/Mpc, the combination of CLASS with Halofit undershoots the
k-evolution result. This is due to non-linear clustering of the k-essence field on small scales. This can
only be correctly modeled by simulating the k-essence field itself. Also gevolution 1.2 with the CLASS
interface, where k-essence is a realisation of the linear spectrum, is not able to simulate this region
correctly.
3.4 A fitting function for µ in k-essence
To characterize the contribution of k-essence to the gravitational potential, and to simplify the in-
clusion of non-linear k-essence clustering in linear Boltzmann codes and in back-scaled Newtonian
N -body simulations (see next section), we approximate the numerical µ(k, z) with a simple fitting
formula. The fact that we recover GR/ΛCDM at small scales and that we have a constant modifi-
cation to GR at large scales motivates us to choose a function that smoothly connects two different
regimes, and we propose the following fitting function for µ(k, a):
f(k|α, β, γ) = 1 + α (1− tanh (β(log10 k − γ))) . (3.9)
Here α controls the amplitude of µ on large scales, γ = log10 κ the location of the transition, and
β the steepness of the transition. The variables α, β, and γ depend on time as well as on the
cosmology. We can use the (α, β, γ) parameter space to distinguish between models / constrain
cosmology. Additionally, the function (3.9) is C∞ and its derivatives are easily computed, while
numerical derivatives of simulation results are often noisy. In Appendix B we discuss how these
parameters control the shape of µ, and how well the fitting function describes the simulation results.
We find that for k-evolution and CLASS, the parametrisation (3.9) is able to describe µ(k, z) at the
sub-percent level relative to µ.
The fit enables us to model µ(k, a) in a simple way and to describe its evolution by studying the
time and scale evolution of the parameters. We perform the fit in the non-linear (k-evolution) and
linear (CLASS) cases. Fig. 4 shows the evolution of three fitting parameters as a function of redshift
for both the linear (solid lines) and non-linear (dots) cases. As expected from Fig. 3, for c2s = 10
−4,
there is little difference between the linear and non-linear cases. Also for the c2s = 10
−7 case, the fitted
amplitudes (α) are consistent between the linear and non-linear cases. Most of the difference arises
in the steepness (β) and the location (γ) of the transition. In Appendix B we provide an additional
figure, Fig. 8 that shows in more details the evolution of the parameters. In that figure we can see that
there are also detectable differences in β between the linear and k-evolution results for c2s = 10
−4, but
that they are relatively small. In Table. 1 we show the parameters (α, β, γ) fitted to the k-evolution
data at redshifts z = 0 and z = 1 for both speeds of sound. The full redshift information for the
fitting parameters are delivered as a text file in the arXiv submission.
4 Applications of µ(k, z)
In this section we discuss how one can use the µ(k, z) parametrisation in combination with other codes,
especially linear Boltzmann and Newtonian N -body codes. To answer this question, we first illustrate
the differences between these codes in Fig. 5 when there is k-essence as a dark energy candidate. In k-
evolution all the components including short-wave corrections, relativistic terms, matter and k-essence
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Figure 4: The fitted parameter values for the µ parametrization (3.9), for the two k-essence models
with c2s = 10
−4 (left) and c2s = 10
−7 (right), as a function of redshift. Points and dashed lines are
respectively the results of k-evolution and CLASS.
Parameters
α β γ
c2s = 10
−4 z = 0 0.021 2.79 −1.20
z = 1 0.00422 2.83 −1.10
c2s = 10
−7 z = 0 0.020 1.46 −0.154
z = 1 0.00429 1.53 0.0069
Table 1: Parameter values fitted to k-evolution results for both speeds of sound at two redshifts,
z = 0 and z = 1.
non-linearities are included. In Newtonian N -body codes, the equations are solved in N-body gauge,
see Appendix A for more details. In these codes one can capture the background evolution correctly,
while short wave-corrections are absent and k-essence perturbations are at most taken into account
through the initial conditions. In the linear Boltzmann codes, on the other hand, non-linearities in
matter and k-essence as well as short wave corrections are absent.
4.1 Improving linear Boltzmann codes and Fisher forecasts with a parametrised µ
Recipes to predict the non-linear matter power spectrum are routinely implemented in Boltzmann
codes in order to source weak lensing calculations, which are themselves linear but very sensitive to
small-scale power. The µ(k, z) function presented in the previous section can then be used to correct
for the non-linear effect of k-essence on the lensing. For example, µ(k, z) would appear as a simple
factor in the line-of-sight integral for the lensing potential if the non-linear matter power spectrum is
already calibrated for the correct background model. The same correction can also be applied in the
context of Fisher forecasts.
4.2 Improving Newtonian simulations
In the companion paper [10] we have shown that the so-called backscaling method to set initial con-
ditions in Newtonian N -body codes is able to recover the correct non-linear matter power spectrum
in k-essence models. As explained in detail in [10], this is achieved by scaling back the linear power
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Figure 5: This picture compares the way that different codes solve the Poisson equation. On the
left we have the relativistic N -body code k-evolution which uses the full Poisson equation including
non-linear k-essence and matter densities, relativistic terms and short wave corrections (all in green).
Standard Newtonian N -body codes (middle) solve the Poisson equation for the correct background
expansion rate (term in light yellow), and include non-linear matter densities as well as relativistic
terms in N-body gauge (terms in green), but do not take into account k-essence perturbations or
shortwave (nonlinear GR) terms (in red). Linear Boltzmann codes like CLASS (on the right) are fully
relativistic and include linear density perturbations for both matter and k-essence (in yellow), but no
non-linear GR and matter contributions (in red).
spectrum at the final redshift using the linear growth function in the given background model. While
this works well for the matter power spectrum, it is impossible to simultaneously obtain an accurate
power spectrum of the gravitational potential, as the latter is sourced additionally by k-essence per-
turbations. Our µ precisely parametrises the correction necessary to obtain the potential from the
matter power spectrum, and additionally allows to reconstruct the power spectrum of k-essence per-
turbations. An immediate practical application would be to include this correction when calibrating
emulators like [24].
5 Conclusions
In this paper we have studied metric perturbations in the weak-field regime of General Relativity, in
the presence of a k-essence scalar field as dark energy. We showed that the short-wave corrections to
the Hamiltonian constraint are negligible at all redshifts and all scales, while the relativistic terms
are only relevant at large scales, leaving the terms with Poisson-gauge matter and k-essence density
perturbations as the main source at quasi-linear and small scales. The relativistic terms and the
density perturbations can be combined, in the usual way, to form a linear Poisson equation that then
holds on all scales of interest in cosmology.
We study the contribution of the k-essence scalar field to the metric perturbations through the
µ parametrisation that encodes the additional contribution of a dark energy fluid or a modification of
gravity to the Poisson equation. As the Poisson equation is valid on all scales, this description works
even at non-linear scales if µ is understood as an average effect. We show that for k-essence fields
with a high speed of sound, the linear theory agrees with simulation results, while for models with a
small speed of sound we see large deviations from linear theory. Our results are thus important for
tests of low speed of sound k-essence models with future surveys.
We encode our k-essence simulation results for µ(k, z) in an easy-to-use tanh-based fitting func-
tion, together with recipes on how to include the function in linear Boltzmann codes or Newtonian
N -body simulations with different expansion rate but without additional k-essence field. While in
this paper we only consider two k-essence models with different speeds of sound, we plan to provide
fits to µ(k, z) for a wider range of models in a follow-up publication.
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A Discussion about N-body gauge
The correspondence between Newtonian N -body simulations and GR can be established through a
particular gauge, called the N-body gauge [25], in which, generally speaking, one requires
∇2ΦN = 4piGN ρ¯mδcountm , (A.1)
and
dvi
dτ
+Hvi = −∇Ψ , (A.2)
where in the first equation ΦN is the contribution of non relativistic matter to Φ, and δ
count
m is a
counting density (rest mass per coordinate volume). With two scalar gauge generators L and T at
one’s disposal, where τ → τ + T and xi → xi +∇iL are the coordinate transformations, it turns out
that under quite generic conditions there is a family of gauge transformations that satisfy the above
two conditions at the linear level.
To illustrate this, let us start from the Poisson gauge and find T , L such that above equations
hold. The first thing to note is that Ψ corresponds to a gauge-invariant variable (we are working at
linear order), so the second equation already holds in Poisson gauge. Since velocities transform as
vi → vi +∇iL′ maintaining the form of the second equation readily requires L′ ' 0.
Before turning to the first equation, let us define the scalar metric perturbations of the N-body
gauge as follows:
ds2 = a2
[
− (1 + 2ANb) dτ2 − 2∇iBNbdxidτ + (1 + 2HNbL ) δijdxidxj − 2(∇i∇j − δij3 ∇2
)
HNbT dx
idxj
]
(A.3)
Noting how the various scalar perturbations transform, for a T and L connecting the N-body gauge
to Poisson gauge we have
Φ = −HNbL −HT −
1
3
∇2L , (A.4)
Ψ = ANb +HT + T ′ , (A.5)
0 = BNb + T − L′ ⇒ BNb ' −T , (A.6)
0 = HNbT − L⇒ HNbT = L , (A.7)
and
δX = δ
Nb
X − 3 (1 + wX)HT . (A.8)
We can insert these expressions into the Hamiltonian constraint (keeping the term ∇2Φ in place) to
obtain
∇2Φ + 3H
(
HNbL
′
+HT ′ +H′T
)
− 3H2 (ANb +HT + T ′) = 4piGNa2∑
X
ρ¯X
[
δNbX − 3 (1 + wX)HT
]
,
(A.9)
where we already used the condition L′ ' 0. Noting that
H2 −H′ = 4piGNa2
∑
X
ρ¯X (1 + wX) (A.10)
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we immediately get
∇2Φ+3HHNbL
′−3H2ANb = 4piGNa2
∑
X
ρ¯Xδ
Nb
X = 4piGNa
2ρ¯m
(
δcountm − 3HNbL
)
+4piGNa
2
∑
X 6=m
ρ¯Xδ
Nb
X
(A.11)
The requirement that this equation is compatible with eq. (A.1) does not yet fix the gauge completely.
One may try to require that HNbL ' 0 which means that δNbm = δcountm . This means that not only are
the Newtonian equations satisfied, but also the counting density is the physical density in that gauge.
One can easily see from the last equation that HNbL ' 0 also suggests ANb ' 0, and one can
verify that, as long as pressure perturbations are small, this condition can be met [25]. We can then
infer T and L as follows.
Ψ = HT + T ′ , Φ = −HT − 1
3
∇2L , (A.12)
hence
HΨ + Φ′ = (H2 −H′)T , (A.13)
where L′ ' 0 was assumed. We can now see that the momentum constraint implies T = −∇−2θtot
and hence δNbm = ∆m. Inserting T back into its relation with Φ above, we also get
∇2L = 3H∇−2θtot − 3Φ . (A.14)
The right-hand side is the comoving curvature perturbation which is indeed conserved at late times
in standard cosmology. Hence our assumption L′ ' 0 was consistent.
B Details of the fitting function for µ(k, z)
In this Appendix we discuss the properties of tanh fitting function, we also compare the fitted values
to the underlying simulation results and show that the tanh fitting function works quite well. As
explained in more detail in the main text, we need a function to smoothly connect two different
regimes, namely, between µ ' constant on large scales to µ = 1 on small scales. To do this, we
propose the following form, at a fixed redshift:
f(k|α, β, γ) = 1 + α (1− tanh (β(log10 k − γ))) . (B.1)
The parameter γ = log10 κ determines the location of the transition, β the steepness of the transition,
while 1 + 2α is the value of µ for k → 0. All of these parameters are functions of redshift (or scale
factor). The fit enables us to describe the scale dependence of µ(k, a) in a simple way, while the time
dependence can be studied through the evolution of fit parameters with redshift.
In Fig. 6 we show the validity of the fitting tanh function for µ(k, a) as measured from k-evolution.
For both speeds of sound at some redshifts and all scales, the accuracy of the fit is of the sub-percent
level. In Fig. 7 the relative difference between fit and data from CLASS is shown. For both speeds of
sound at all redshifts and all scales, tanh is a good fit. In Fig. 8 the evolution of fit parameters for
k-evolution and CLASS data is shown.
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Figure 6: The relative error for the fits compared to the actual µ obtained from k-evolution, for two
different speeds of sound, c2s = 10
−7 (right) and c2s = 10
−4 (left). The accuracy of the fit is of the
sub-percent level for both speeds of sound at all redshifts and all scales.
Figure 7: The relative error of the fits compared to CLASS results for two speeds of sound, c2s = 10
−7
(right) and c2s = 10
−4 (left). The results show that the accuracy of the fit is of the sub-percent level
for both speeds of sound at all redshifts and all scales.
C Scalar-vector-tensor decomposition and notation
In this appendix we briefly discuss the scalar-vector-tensor decomposition and we introduce our no-
tation for the metric perturbations after the decomposition. Using the SVT decomposition [26] we
can decompose Bi into the curl-free (longitudinal) and divergence-free (transverse) components,
Bi = B
⊥
i +B
‖
i where
~∇ ·B⊥ = ~∇×B‖ = 0 (C.1)
Also we can decompose the tensor perturbations analogously,
hij = h
‖
ij + h
⊥
ij + h
(S)
ij , (C.2)
Here
h
‖
ij =
(∇i∇j − 1
2
δij∇2
)
Φh . (C.3)
– 14 –
Figure 8: Evolution of the fit parameters log10(1 + α), β, and γ for k-evolution and CLASS data for
two speeds of sound c2s = 10
−4 (top) and 10−7 (bottom) is shown. The arrows show the direction
of decreasing redshift (increasing time). For the case of low speed of sound (bottom panel) the
parameter values obtained from k-evolution and from the linear code CLASS differ, while for large
speed of sound (top panel) the parameters almost match, suggesting that one could simply use linear
Boltzmann codes for treating high speed of sound k-essence models.
where Φh [27] is a scalar and we have assumed that hij is traceless, and
h⊥ij = ∇ih⊥j +∇jh⊥i . (C.4)
where h⊥i is a divergenceless vector. The two degrees of freedom left in the tensor modes h
(S)
ij
correspond to the two polarisations of gravitational waves.
Fixing the gauge to Poisson gauge will remove two vector and two scalar degrees of freedom as we
have the following constraints,
δijBi,j = δ
ijhij = δ
jkhij,k = 0 . (C.5)
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